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Abstract
A new model of nonlinear electrodynamics with two parameters
is investigated. We also consider a model with one dimensional pa-
rameter. It was shown that the electric field of a point-like charge
is not singular at the origin and there is the finiteness of the static
electric energy of point-like charged particle. We obtain the canonical
and symmetrical Belinfante energy-momentum tensors and dilatation
currents. It is demonstrated that the dilatation symmetry and dual
symmetry are broken in the models suggested. We have calculated
the static electric energy of point-like particles.
1 Introduction
A renewal interest in nonlinear electrodynamics is due to the possible quan-
tum gravity corrections to linear electrodynamics. Thus, the new parameter
with the dimension of the length is introduced. A non-linear electrodynam-
ics can have a finite electromagnetic energy of a point charge contrarily to
Maxwell’s electrodynamics. This takes place in the Born-Infeld (BI) electro-
dynamics [1], [2], [3]. So called logarithmic electrodynamics and exponential
electrodynamics were considered in [4] and [5], respectively. The dimensional
constant introduced in nonlinear electrodynamics gives the upper bound on
the possible electromagnetic fields. Thus, we introduce the parameter β with
the dimension of length4 (or the dimension of mass−4). If the parameter β ap-
proaches to zero one of the models under consideration converts to Maxwell’s
electrodynamics. In this paper, we formulate and investigate two models of
nonlinear electrodynamics. One of the models has the dimensional parame-
ter β and the dimensionless parameter a. Another model possesses only one
dimensional parameter β.
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The paper is organized as follows. In section 2, the Lagrangians of new
models of nonlinear electrodynamics are introduced. The field equations are
formulated which are similar to electrodynamics in the medium. We obtain
the electric permittivity ε and magnetic permeability µ of the vacuum in
section 3. We demonstrate that the electric field of a point-like charge is
not singular at the origin and we obtain the maximum of the electric field.
In section 4 the canonical and symmetrical Belinfante energy-momentum
tensors, the dilatation currents, and their non-zero divergences are found.
We discuss the results in section 5.
The Heaviside-Lorentz system with h¯ = c = ε0 = µ0 = 1 is used, and
Euclidian metric is chosen so that the 4-vector is xµ = (xm, ix0), x0 is a time.
Greek letters run from 1 to 4 and Latin letters range from 1 to 3.
2 The models
Let us consider the Lagrangian density of nonlinear electrodynamics
L = −F − aF
2(βF) + 1 , (1)
where β is dimensional parameter so that βF is dimensionless, and a is a
dimensionless parameter. The Lorentz-invariant is F = (1/4)F 2µν = (B2 −
E2)/2 and Fµν = ∂µAν − ∂νAµ is the field strength (Aµ is the 4-vector-
potential). It should be noted that Lagrangian (1) is singular at a finite value
of the electric field. We will show that the field of a point charge and the
energy contained in it, are finite, and the parameter β is connected with the
upper bound on the possible field strength. If a→ 0 the Lagrangian density
(1) converts to the Maxwell Lagrangian density. Assuming that βF ≪ 1, we
obtain from Eq.(1) the approximate Lagrangian density
L ≃ −(1 + a)F + 2aβF2, (2)
and we imply that a ≪ 1. Thus, at weak electromagnetic fields the La-
grangian density (2) approaches to L ≃ −(1+a)F . As a result the proposed
model violates the correspondence principle, that requires that in the limit of
weak fields the nonlinearity should disappear, and the field equations be the
same as the standard Maxwell equations of classical electrodynamics. In the
model based on Lagrangian (2) the dielectric permittivity, ε, and magnetic
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permeability, µ, of the vacuum, (Fµν = 0), are different from unity. Note
that the correspondence principle is obeyed by QED (see [6], [7], [8]) and by
the BI Lagrangian. One can speculate that there is a contribution of non-
electromagnetic fields (for example gravitational fields) to electromagnetic
vacuum that results in the appearance of ε 6= 0, µ 6= 0 for “free” space.
The model with the Lagrangian density containing quadratic terms in
Lorentz-invariants was investigated in [9]. Such nonlinear model of electro-
dynamics appears due to the vacuum polarization of arbitrary spin particles
[10], [11], [12]. The model leads to birefringence which means that the phase
velocities of light are different for different polarizations of electromagnetic
fields. The model of electromagnetic fields at cubic order in the field strength,
violating Lorentz invariance, also leads to birefringence [13]. It is known that
there is not birefringence in BI electrodynamics. But in generalized BI elec-
trodynamics [14] with two constants birefringence takes place. We also note
that the model of F2-electrodynamics was considered in the framework of the
Kaluza-Klein theory with the additional Gauss-Bonnet term [15] and also in
[16]. Here we treat the non-linear model under consideration as the effective
electrodynamics for strong electromagnetic fields which takes into account,
probably, quantum gravity corrections containing fundamental length (β1/4).
The model allows us to consider particular cases for different parameters a
and β.
We also consider the model which does not violate the correspondence
principle with the Lagrangian density
L1 = − F
2(βF) + 1 . (3)
At small electromagnetic fields, βF ≪ 1, the model (3) tends to classical
electrodynamics, and the Lagrangian density becomes L ≃ −F . As a result,
the correspondence principle is not broken.
3 The field equations
From the Euler-Lagrange equations
∂µ
∂L
∂(∂µAν)
− ∂L
∂Aν
= 0
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with the help of Eq.(1), we obtain the equations of motion
∂µ
(
Fµν +
aFµν
[2(βF) + 1]2
)
= 0. (4)
The Lagrangian density (3) leads to field equations
∂µ
(
Fµν
[2(βF) + 1]2
)
= 0. (5)
The electric displacement field is given by D = ∂L/∂E (Ej = iFj4), and we
obtain from Eq.(1)
D =
(
1 +
a
[2(βF) + 1]2
)
E. (6)
Thus, the electric permittivity ε is as follows:
ε = 1 +
a
[2(βF) + 1]2 . (7)
The magnetic field is defined as H = −∂L/∂B (Bj = (1/2)εjikFik, ε123 = 1),
and we find
H =
(
1 +
a
[2(βF) + 1]2
)
B, (8)
so that B = µH, and magnetic permeability is µ = ε−1. It follows from
Eqs.(7),(8) that for an absence of electromagnetic fields, Fµν = 0, for the
vacuum, ε = 1 + a, µ = 1/(1 + a). For the model based on (3), one obtains
the electric permittivity and magnetic permeability
ε1 =
1
[2(βF) + 1]2 , µ1 = [1 + 2(βF)]
2 . (9)
From Eq.(4) we obtain the first pair of Maxwell’s equations
∇ ·D = 0, ∂D
∂t
−∇×H = 0. (10)
The second pair of Maxwell’s equation can be found from the Bianchi identity
∂µF˜µν = 0, (11)
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(F˜µν is a dual tensor) and is given by
∇ ·B = 0, ∂B
∂t
+∇×E = 0. (12)
Thus, equations (10),(12) represent the nonlinear Maxwell equations because
the electric permittivity ε and magnetic permeability µ = ε−1 depend on
the fields E and B. So, the nonlinear electrodynamics equations (4) with
two parameters a and β were rewritten in the form of Maxwell’s equations
(10),(12). The vacuum of such a model acts as a medium with the electric
permittivity ε, (7), and magnetic permeability µ = ε−1. We note that the
condition for non-birefringence in external magnetic field for most general
Lagrangians was formulated in [17].
From equations (6),(8), we obtain the relation D · H = ε2E · B, and
according to [18], the nonlinear electrodynamics under consideration is not
the duality symmetrical because D ·H 6= E ·B. For the model based on the
Lagrange density (3) we have the similar equation D ·H = ε2
1
E · B. In BI
electrodynamics the dual symmetry is conserved. It should be noted that in
QED due to quantum corrections the dual symmetry is violated. Vacuum
birefringence within QED was investigated in [19], [20].
In electrostatics, at B = H = 0, with the point-like source in Eq.(10) we
obtain
∇ ·D0 = eδ(r) (13)
having the solution
D0 =
e
4pir3
r. (14)
Equation (14) using (6) can be written as
E0
(
1 +
a
(1− βE20)2
)
=
e
4pir2
. (15)
At the origin, r → 0, Eq.(15) possesses the solution
E0 =
1√
β
. (16)
For the model based on Eq.(3), for the point-like source, Eq.(13) becomes
E0
(1− βE20)2
=
e
4pir2
(17)
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with the same solution (16) at r → 0. The finiteness of the electric field
at the origin of the charged particle is due to the singularity of the electric
permittivity, and this result associates not only for this special model. The
presence of singularity is the general property of all models with finite max-
imum field. At the same time it was demonstrated in [16] that the presence
of maximum field is not necessary for the finiteness of the self-energy of a
point charge. The value (16) represents the maximum field strength which
is finite contrary to classical electrodynamics. The same attractive feature
takes place in BI electrodynamics. Introducing unitless variables
x =
4pir2
e
√
β
, y =
√
βE0, (18)
Eq.(15) takes the form
y5 − 1
x
y4 − 2y3 + 2
x
y2 + y(1 + a)− 1
x
= 0. (19)
It is questionable to obtain the analytic solution to Eq.(19). At x → 0
(r → 0) Eq.(19) reduces to the equation y4 − 2y2 + 1 = 0 with the solution
y = 1 which is equivalent to Eq.(16). When distance r approaches to infinity,
x→∞, equation (19) becomes y5 − 2y3 + y(1 + a) = 0 having only one real
solution y = 0. Thus, the electric field of a point-like charge is not singular
at the origin, and we have the finiteness of the electric field in all region
0 ≤ r <∞. From Eq.(19) it is easy to obtain the inverse function x(y):
x =
(1− y2)2
y
[
(1− y2)2 + a
] . (20)
The plot of the function x(y) for different values of the parameter a is given
in Fig.1. The graph shows that, indeed, at x→ 0 the variable y approaches
to one, Eq.(16) is valid, and at x→∞ we have y = 0.
Eq.(17) (for the model based on Eq.(3)) in terms of variables (18) becomes
y4 − 2y2 − xy + 1 = 0. (21)
At x → 0, when r → 0, Eq.(21) possesses the solution y = 1 leading to
Eq.(16).
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Figure 1: x versus y for different values of the parameter a.
4 The energy-momentum tensor and dilata-
tion current
From the general expression of the canonical energy-momentum tensor
T cµν = (∂νAα)
∂L
∂(∂µAα)
− δµνL, (22)
with the help of Eq.(1), we obtain
T cµν = −(∂νAα)Fµαε− δµνL. (23)
The conservation of the canonical energy-momentum tensor reads ∂µT
c
µν = 0.
The tensor (23) is not gauge-invariant and symmetrical. One may obtain the
symmetric Belinfante tensor with the aid of the relation [21]:
TBµν = T
c
µν + ∂βXβµν , (24)
where
Xβµν =
1
2
[
Πβσ (Σµν)σρ − Πµσ (Σβν)σρ − Πνσ (Σβµ)σρ
]
Aρ, (25)
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Πµσ =
∂L
∂(∂µAσ)
= −Fµσε. (26)
The tensor Xβµν is antisymmetrical in first two indexes, Xβµν = −Xµβν , and
as a result ∂µ∂βXβµν = 0. Therefore, ∂µT
B
µν = ∂µT
c
µν = 0, i.e. the symmetric
Belinfante tensor is conserved. The generators of the Lorentz transformations
Σµα have the properties
(Σµα)σρ = δµσδαρ − δασδµρ. (27)
Using equations (25),(27), we obtain
∂βXβµν = Πβµ∂βAν . (28)
From equation of motion (4) one finds that ∂µΠµν = 0. With the help of
Eqs.(26),(28), the Belinfante tensor (24) becomes
TBµν = −FµαFναε− δµνL, (29)
which is symmetrical and conserved tensor. The trace of the energy-momentum
tensor (29) is given by
TBµµ =
8aβF2
[2(βF) + 1]2 . (30)
In linear electrodynamics a = 0 and the trace of the energy-momentum
tensor (30) becomes zero. Non-zero trace (30) appeared in the model under
consideration because of the dimensional parameter β connected with the
fundamental length l = β1/4. We define, in accordance with [21], the modified
dilatation current
DBµ = xαT
B
µα + Vµ, (31)
where the field-virial Vµ is given by
Vµ = Παβ
[
δαµδβρ − (Σαµ)βρ
]
Aρ = 0, (32)
and vanishes. Then the modified dilatation current (31) becomes DBµ =
xαT
B
µα, and the 4-divergence of dilatation current equals
∂µD
B
µ = T
B
µµ. (33)
Therefore, the scale (dilatation) symmetry is broken as we have introduced
the dimensional parameter β. The conformal symmetry including the one-
parameter dilatation symmetry group is also broken [21] contrarily to linear
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Maxwell’s electrodynamics. We note that in BI electrodynamics the scale
symmetry is violated [14].
For the model (3) similar calculations give the Belinfante tensor
TBµν = −FµαFναε1 − δµνL1, (34)
were ε1 is given by Eq.(9) and L1 is defined by Eq.(3). The trace of the
energy-momentum tensor (34) becomes
TBµµ =
8βF2
[2(βF) + 1]2 . (35)
The 4-divergence of dilatation current is given by Eq.(33).
4.1 Energy of the point-like charge
From Eq.(29) we obtain the energy density
ρ = TB
44
= E2
(
ε− 1
2
)
+
B2
2
+
a (B2 −E2)
2β (B2 − E2) + 2 . (36)
From Eq.(36), for pure electric energy density, we have
ρE = E
2
(
ε− 1
2
)
− aE
2
2− 2βE2 . (37)
In terms of unitless variables (18) the normalized total energy β1/4E in all
space, E = ∫ ρEdV , becomes
β1/4E = e
3/2
8
√
pi
∫
∞
0
y2
[
1 +
a(1 + y2)
(1− y2)2
]√
xdx, (38)
where the function y(x) is given by the real root of equation (19). Taking
into account Eq.(20), one can represent (38) as
β1/4E = e
3/2
8
√
pi
∫
0
1
[
(y2 − 1)3 − a (1 + 3y2)
]
[(1− y2)2 + a (1 + y2)]
√
y
[
(1− y2)2 + a
]5/2 dy. (39)
According to Eq.(39), the values of β1/4E for different parameters a are given
in the Table 1. There was a suggestion that the electron has a pure elec-
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Table 1: Normalized total energy β1/4E of a point-like particle
a 0.001 0.01 0.1 0.2 0.3 0.4 0.5
β1/4E 0.0624 0.0610 0.0556 0.0519 0.0490 0.0467 0.0447
tromagnetic nature and the mass of the electron equals the finite energy of
the field [22], [23], [24]. If one takes the energy of a point-like charge to be
equal the mass of the electron, E = 0.51 MeV, for a parameter a = 0.01,
we obtain the length l = β1/4 ≈ 23.6 fm. One can speculate that the model
under consideration allows us to realize the old idea of Abraham and Lorentz
about the electromagnetic nature of the electron.
For the second model with the Lagrangian density (3), we obtain from
Eq.(34) the electric energy density
ρ1E =
E2(1 + βE2)
2(1− βE2)2 . (40)
With the help of Eq.(40) the normalized total energy β1/4E1 in all space is
given by
β1/4E1 = e
3/2
8
√
pi
∫
0
1
(1 + y2) (3y4 − 2y2 − 1)√
y (1− y2) dy ≈ 0.0503. (41)
Putting E = 0.51 MeV, one obtains the value l1 = β1/4 ≈ 19.48 fm.
5 Conclusion
We have formulated new models of nonlinear electrodynamics. One of the
models contains two parameters a and β and the second model has only
one parameter β. The model with the parameter a violates the correspond-
ing principal but allows us to consider the vacuum which is not “empty”
having the dielectric permittivity ε = 1 + a, and magnetic permeability
µ = 1/(1 + a). The unitless parameter a characterizes the amount on non-
linearity contributed to linear electrodynamics. The second model possessing
only one parameter β does not violate the corresponding principal and has
the standard electromagnetic vacuum with ε = 1 and µ = 1. We can treat
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the value l ≡ β1/4 as a fundamental length due to quantum gravity effects.
It was demonstrated that the electric field of a point-like charge is regular at
the origin, and the maximum possible electric field equals Emax = β
−1/2 for
both models. It was shown that there is the finiteness of the electromagnetic
energy for models under consideration. We have obtained the canonical and
symmetrical Belinfante energy-momentum tensors, and the dilatation cur-
rent. The dilatation current is not conserved due to the non-zero trace of
the energy-momentum tensor in the models under consideration. The scale
symmetry is violated because of the dimensional parameter β and the dual
symmetry is also broken. The finite static electric self-energy of point-like
particles was calculated showing the possibility to treat the value of the mass
of the electron as a pure electromagnetic energy.
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